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The aim of this research project was to study (mixed) Frobenius structures, which are structures on
the tangent bundles of manifolds consisting of flat metrics, multiplications and nonzero vector fields.
Let us focus on their underlying flat structures, called Saito structures. They consist of a
torsion-free flat connection and a multiplication on the tangent bundle together with a nonzero vector
field. If aSaito structure admits a compatible (graded) metric, it makes a (mixed) Frobenius structure.
Recently, Kato, Mano and Sekiguchi showed that there exist polynomial Saito structures on the orbit spaces
of a certain class of complex reflection groups called the duality groups. These form an important new
class of Saito structures. We studied these Saito structures in detail from the viewpoint of almost
duality. Dubrovin showed that given a Frobenius structure, one can construct an almost Frobenius
structure and vice versa. He called it the almost duality. We extended Dubrovin's almost duality to
Saito structures. Then we formulated and studied the existence and uniqueness problem of the natural
Saito structure on the orbit spaces of finite complex reflection groups from the viewpoint of the almost
duality. We gave a complete answer to the problem for the irreducible groups. These results are obtained
jointly with Konishi and Shiraishi. The paper has been published in Journal of Integrable Systems. We
believe that our result has a fundamental nature and hope to expand it in the near future in relation
with integrable systems and the theory of hyperplane arrangements.




