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We study the critical Hardy inequality with logarithmic singular term and obtain some results for
canceling effects in higher-order Hardy-Sobolev inequalities, a generalization of scale invariance,
as follows:

1. Canceling effects of a logarithmic singularity in higher—-order Hardy—Sobolev inequalities

It is known that a logarithmic singular term breaks scale invariant structure of PDEs and functional
inequalities. In order to study a scale invariant structure, we first focus on a canceling effect of
a logarithmic singularity and obtain that higher order derivatives have some special cancelation which
never appear in a study of the first order derivative. Furthermore, we clarify the optimal condition
on the exponents of integrability, differentiability, and weights to cancel the logarithmic singularity.

2. Generalized scale invariance

Logarithmic singularity and logarithmic scale invariance naturally arises from the critical Hardy inequality,
the Trudinger—Moser inequality, and nonlinear PDEs. In particular, it is well known that a power type and
exponential type nonlinearity have its natural scale invariance. We study a relation between these two scale
invariances by introducing a generalized Cole—Hopf transformation, and obtain that only the power type and
the exponential nonlinear term have the exact scale invariances. Moreover, applying this transformation,
we obtain a classification theory of existence and non—existence for the heat equation with general
nonlinearities




